Effects of the Generalized Uncertainty Principle on Compact Stars by Ali, Ahmed Farag & Tawfik, A.
ar
X
iv
:1
30
1.
61
33
v1
  [
gr
-q
c] 
 25
 Ja
n 2
01
3
ECTP-2012-03
Effects of the Generalized Uncertainty Principle on Compact Stars
Ahmed Farag Ali∗
Department of Physics, Faculty of Science, Benha University, Benha 13518, Egypt
Abdel Nasser Tawfik†
Egyptian Center for Theoretical Physics (ECTP), MTI University, Cairo, Egypt and
Research Center for Einstein Physics, Freie-University Berlin, Berlin, Germany
(Dated: October 31, 2018)
Based on the generalized uncertainty principle (GUP), proposed by some approaches to quantum
gravity such as string theory and doubly special relativity theories, we investigate the effect of GUP
on the thermodynamic properties of compact stars with two different components. We note that the
existence of quantum gravity correction tends to resist the collapse of stars if the GUP parameter
α is taking values between Planck scale and electroweak scale. Comparing with approaches, it is
found that the radii of compact stars are found smaller. Increasing energy almost exponentially
decreases the radii of compact stars.
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I. INTRODUCTION
Different approaches for the quantum gravity have been proposed to provide a set of predictions for a min-
imum measurable length, a maximum observable momentum and an essential modification of the Heisenberg
uncertainty principle (GUP) [1–6]. The latter is based on modification in the fundamental commutation relation
[xi, pj]. According to string theory (ST) and black hole physics (BHP), the modification is proportional to a
quadratic moment [1–6]. Based on doubly spacial relativity (DSR), a proportionality to first order momenta
(linear) has been suggested [7]. Different minimal length scale scenarios inspired by various approaches to the
quantum gravity have been reviewed in [8]. The approach of Ali et al. [9–11], which shall be utilized in this work,
predicts maximum observable momenta and minimal measurable length. It is consistent with DSR, ST and
BHP. Furthermore, it ensures that [xi, xj ] = 0 = [pi, pj ] through Jacobi identity. Accordingly, a modification of
the uncertainty principle near the Planck energy scale reads
[xi, pj] = i~
[
δij − α
(
pδij +
pipj
p
)
+ α2
(
p2δij + 3pipj
)]
. (1)
Apparently, this suggests a modification of the physical momentum [9–11]
pi = p0i
(
1− αp0 + 2α
2p20
)
, (2)
while xi = x0i with x0i, p0j satisfying the canonical commutation relations [x0i, p0j ] = i~ δij , such that
p0i = −i~∂/∂x0i, where p0 is the momentum at low energy satisfying Eq. (1).
The parameter α = α0/(cMpl) = α0lpl/~, where c, α0, Mpl (lpl) are speed of light, dimensionless parameter
of order one, and Planck mass (length), respectively.
In terms of the gravitational constant G, the Planck mass and length are given as Mpl =
√
~c/G and
lpl =
√
G~/c3, respectively. Accordingly, the dispersion relation is modified to the first order of α as follows.
E2 = p2
0
c2 (1− 2αp0) +M
2 c4. (3)
Together with the modified energy-momentum conservation used in [12], this equation introduces a deforma-
tion of local Lorentz invariance. This means that the bounds predicted from the effective field theory framework
[13] will not apply in our considered model.
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2The upper bounds on the parameter α has been derived in [14] and it was found that it could predict an
intermediate length scale between Planck scale and electroweak scale. It was suggested that these bounds can
be measured using quantum optics techniques in [15] which is considered as milestone in the quantum gravity
phenomenology.
Because of the modified physical momentum of Eq.(2), the classical Hamiltonian as well as the quantum
Hamiltonian should be modified which affects a lot of quantum phenomena, and we think it is important
to make a quantitative study of these effects which would open an interesting window for quantum gravity
phenomenology especially if the GUP parameter α would take values between Planck scale and electroweak
scale. In a series of papers, the effects of GUP on atomic, condensed matter systems, quark gluon plasma,
preheating phase of the universe, inflationary era of the universe and black holes production at LHC have been
investigated [10, 14, 16–21].
In this paper, we continue our investigations to study the impact of quantum gravity effects on the ground
state properties of a Fermi gas composed of N ultra-relativistic electrons. It was found by Chandrasekhar
[22] that the white dwarfs can be described by ultra-relativistic ideal Fermi gas at which quantum gravity
effects could be considerable. Therefore, we study the effect of GUP on the number density, energy density
and pressure. We discuss two kinds of the compact stars. The first one is a white dwarf, in which the mass
contribution is mainly from the cold nuclei. The second kind is where the mass is mainly constituted of Fermi
gas. In context of compact stars, the earliest proposal on subatomic stars dates to 1970, when It was proposed
that there might exist compact stellar objects that might entirely made of very massive quarks, rather than
confined baryons [23].
II. GUP EFFECT ON GROUND STATE OF ULTRA-RELATIVISTIC FERMI GAS
For an isolated macroscopic body consisting of N non-interacting and ultra-relativistic particles, the back-
ground of the particles motion is assumed to be flat. We study the ground state properties of a Fermi gas
composed of N ultra-relativistic electrons, for which the state energy ǫ is entirely given by cp i.e., temperature
is much larger than the particle’s rest mass. However, at vanishing or very low temperatures, the vacuum effect
of fermions can be neglected i.e., the total particle number is conserved. On the other hand, based on GUP the
particles move in quantized gravitational background. The modified state density due to GUP has been derived
using Liouville theorem [24].
At vanishing temperature, The modified number of particle of Fermi gas can be given as
N(p) =
8π
h3
V
∫ pF
0
p2dp
(1 − αp)4
, (4)
where pF gives the Fermi momentum. Therefore, Eq. (4) can be re-written in terms of Fermi energy ǫF
N(ǫF ) =
8π
3(hc)3
V
ǫ3F(
1− αc ǫF
)3 . (5)
Introducing κ = ǫF /ǫH , which is equivalent to (α/c)ǫF , then
N(κ) =
8π
(hc)3
V ǫ3H f(κ), (6)
where ǫH = c/α is the Hagedorn energy and
f(κ) =
1
3
κ3
(1− κ)3
. (7)
Now, we can calculate the average distance between particles
d¯ =
(
V
N(κ)
)1/3
=
hc
(8π)1/3
1
ǫH
f(κ)−1/3 = π
2
3∆minf(κ)
−1/3. (8)
where ∆min = α0 lpl. Then defining,
δ ≡
∆min
d¯
= π−
2
3 f(κ)1/3, (9)
3the ground state energy can be calculated from
U0(ǫ) =
8π
(hc)3
V
∫ ǫF
0
ǫ3dǫ(
1− αc ǫ
)4 . (10)
In terms of κ, the ground state energy and pressure read
U0(κ) =
8π
(hc)3
V ǫ4H g(κ), (11)
P (κ) =
N
V
ǫF −
U0
V
=
8π
(hc)3
ǫ4H h(k), (12)
where
g(κ) = ln(1 − κ) +
κ
(1− κ)3
−
15
6
κ2
(1− κ)3
+
11
6
κ3
(1− κ)3
, (13)
h(κ) =
1
3
κ4
(1− κ)3
−
[
ln(1− κ) +
κ
(1 − κ)3
−
15
6
κ2
(1 − κ)3
+
11
6
κ3
(1 − κ)3
]
. (14)
These two quantities are presented in Fig. 1. It is obvious that both of them diverge at κ → 1. g(κ) diverges
much faster than h(κ). This would mean that the validity of this approach is limited to the Fermi energy. It
is bounded from above by a maximum energy bound (c/α). This is completely consistent with the predicted
maximum measurable momentum (1/α) in [9–11].
When the Fermi energy turns to be much smaller than ǫH = c/α, i.e., κ≪ 1, the distribution function given
in Eq. (7) cab be approximated as
f(κ) =
κ3
3
+ κ4. (15)
Furthermore, from Eq. (15), it is clear that δ ≪ 1. In this limit, the state number reads
N(κ) =
8π
(hc)3
V ǫ3H
(
1
3
κ3 + κ4
)
. (16)
In this limit, κ can be given in terms of number density N/V ,
κ3
(
1
3
+ κ
)
=
(hc)3
8π
1
ǫ3H
N
V
, (17)
which would lead to a relation between κ and δ
κ = (3π2)
1
3 δ
[
1− (3π2)
1
3 δ
]
+O(δ3) (18)
Fig. 1: Left pane: the dimensionless quantities g (solid curve) and h (dashed curve) are presented as functions of κ.
4The Hagedorn energy (or equivalently temperature) is defined as ǫH = Mpc
2/α0. It is a scale to set the limit
of applying the GUP approach. Accordingly, Eqs. (11) and (12) can be re-written as
U0(κ) =
8πV
(hc)3
ǫ4H
[
κ4
4
+
4κ5
5
]
, (19)
P (κ) =
8π
(hc)3
ǫ4H
[
κ4
12
+
κ5
5
]
, (20)
where the condition κ≪ 1 has been assumed. The corrections to U0(κ) and P (κ) would be in terms of δ
U0(κ)
V
=
34/3
4
hc
(8π)
1
3
(
N
V
)4/3(
1 +
16
5
(3π2)1/3δ
)
, (21)
P (κ) =
31/3
4
hc
(8π)
1
3
(
N
V
)4/3(
1 +
12
5
(3π2)1/3δ
)
, (22)
where Eq. (18) has been utilized.
We should note that the results are for a framework that has modified dispersion relations of Eq. (3) following
from the GUP and a modified measure on momentum space of Eq. (4). It is therefore outside the effective field
theory framework [13].
III. COMPACT STARS AT VANISHING TEMPERATURE
A. Non-relativistic cold nuclei with M = 2N/mp
It is conjectured that the major contribution to the mass of white dwarfs, for instant, is coming from the non-
relativistic cold nuclei having massM = 2N/mp, where we consider a star with mass M and N electrons, and mp
is the mass of the proton [22]. The white dwarfs have two properties [25]; the first one is that the electrons are
described by relativistic dynamics and the second one is that the electron gas is completely degenerate. Based
on these properties, the electron gas would be treated as a zero temperature gas. In this case ǫF = 2Nc
2/α0mp
indicating that κ ≪ 1 and Eq. (20) seems to reflect that the quantum gravity effects increase the degenerate
pressure. Would this effects is confirmed, then the quantum gravity corrections to the mass of white dwarfs
arise.
In order to keep the electron gas at a given density, the electronic degeneracy pressure is supposed to resist
the gravitational collapse. At equilibrium, the pressure reads
P0(R) =
λ
4π
G
(
M
R2
)2
, (23)
where G is the gravitational constant, R3 ≡ V and λ is free parameter of the order of unity. Nevertheless,
its value depends on how the matter is distributed inside the white dwarf. From Eqs. (22) and (23), and by
ignoring the constants of unity, the pressure can be expressed in terms of the internal energy(
N
V
)4/3
(1 + δ) =
GM2
R4
. (24)
By substituting M = 2Nmp, the correction to the mass of the compact star would be
M = M0
(
1 +
(
N
V
) 1
3
α~
)
, (25)
where we used the relation given in Eq. (9) in order to obtain δ = (N/V )
1
3 α~. Furthermore, we set
M0 = (hc/G)
3
2 (2mp)
−2.
Eq. (25) presents an interesting result. The quantum gravity correction seems to be proportional to the
density number of the star. Let us consider a physical example for a white dwarf, in which the density number
N = 1036, the average distance d¯ = 10−12, and the Fermi energy ǫF = 10
5 eV.
5In various derivations of the GUP (see e.g. refs.[1, 2]), α0 is normally assumed to be O(1).This can be thought
of as the lower bound (the physics becomes even more ill understood for sub-Planckian, α0 < 1 regimes). Our
analysis uses an upper bound, and hence a length scale α0×(Planck length) which is intermediate between the
Planck and the electroweak scale (which it cannot exceed on phenomenological grounds). We used the bound
α ≤ 10−2 GeV−1 (i.e. α0 ≤ 10
17) depending on the derived bounds on the parameter α0 in [14]. This bound was
derived by calculating the effect of quantum gravity with non relativistic heavy meson systems like charmonium
[14] which may be a relevant example for the white dwarfs which is constituted mainly from non-relativistic
nuclei.
Based on these values, the quantum gravity correction to the mass of the white dwarf is given by
MGUP =M0
(
1 + 10−5
)
. (26)
Two remarks are in order now. The first one is that the correction seems to be more stringent than the one
derived in previous work about compact stars with quantum gravity corrections [26]. The correction given in
Ref. [26] is 10−10 . The second remark is that the quantum gravity corrections in our work is positive referring
to resisting the collapse of the compact stars. It is obvious that this conclusion agrees with the result in [26].
B. Ultra-relativistic nuclei with M = U0/c
2
There are other configurations in which the star is almost composed of ultra-relativistic nuclei. In this case,
the mass of the nuclei is compressed as M = U0/c
2. The constituents of the white dwarfs are characterized
by an ideal Fermi gas and total mass M = U0/c
2. The electronic degeneracy pressure is assumed to resist the
gravitational collapse, Eq. (23). At equilibrium, the radius of the white dwarf is given by
R =
λ
8π
RSQ(κ), (27)
where Q(κ) = g(κ)/h(κ) and the parameter λ approximately equals unity. In the considered case, the
Schwarzschild radius reads
RS = 2G
M
c2
= 2G
U0
c4
. (28)
At λ ≈ 1, the results are presented in Fig. 2 for the stringent value of the parameter α [14]. We observe that
the radius approaches its minima as κ → 1 , and it divers as κ → 0. The number density N/V from Eq. (6)
and mass density M = U0/c
2 from Eq. (11) are presented also in Fig. 2. We observe that the number density,
the mass density and the pressure approach their minima as κ → 0, but they reach their maximum values as
κ→ 1.
Fig. 2: The modified radius of white dwarf, Eq. (27), is given in dependence on κ (dashed curve) at α0 ≈ 10
17 i.e
α ≈ 10−2 GeV−1 [14]. The modified normalized particle density in Fermi gas at vanishing temperature N(κ)/V is given
in dependence on κ (solid curve) at α = 10−2 GeV−1. The normalized mass density M(κ)/V is given as dash-dotted
curve at α = 10−2 GeV−1. The normalized pressure is given as dotted curve.
6Current observations indicate that white dwarfs have smaller radii than expected [27]. The behavior of R
vs κ in Fig. (2) suggests that R is decreasing as κ → 1 , lead to a possible explanation for the smaller radii
observations. Similar analysis has been done in the context of doubly special relativity and modified dispersion
relations [28, 29]. The calculations of the neutron star mass in DSR were done in [30].
IV. CONCLUSIONS
We investigate the effect of GUP on the thermodynamical properties of the compact stars and study the
impact on the Chandrasekhar limit and gravitational collapse. We found that the quantum gravity corrections
would increase the Chandrasekhar limit and hence they resist the gravitational collapse. Besides, we found that
the radius of the compact star is decreasing as the energy increasing which might be considered as a possible
explanation for the smaller radii observations.
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